Abstract. Suppose (Xk, k = ... , -1, 0, 1,... ) is a weakly stationary random sequence. For each positive integer n let S" m Xx + ■ ■ ■ +Xn and let t(/i) -
Let (Xk, k -. . ., -1, 0, 1, . . . ) be a weakly stationary sequence of random variables on a probability space (Q, ' §, P). That is, EXk2 <oo Vi, there are constants ¡i and y(0) such that FA^ = ft and Var Xk = y(0) V k, and there is a sequence of numbers y(l), y(2), y (3) Theorem 0 (Ibragimov and Rozanov). If (Xk) is weakly stationary and 2"=0 r(2") < oo, then (Xk) has an absolutely continuous spectral distribution function, with a continuous spectral density /(A).
In [3, Note 2, p. 190] this is stated for stationary Gaussian sequences, but the extension to general weakly stationary sequences is easy. Ibragimov [2, Theorem 2.2] proved a central limit theorem for strictly stationary random sequences satisfying a condition similar to but stronger than S r(2") < oo; in that theorem it was assumed that/(0) > 0. In central limit theorems for weakly dependent random variables it is common practice to assume Var S" -* co as n->oo. Consider the question whether /(0) > 0 follows if one assumes 2 r(2") < oo and Var S" -» oo.
The answer is affirmative, and one can prove this as a corollary to Theorem 0 by using the results in Chapters 4 and 5 of [3] . It also follows easily from the following theorem. and Lemma 2 is proved.
Let 0 < A < 1 be sufficiently small that if (an, n = 1, 2, . . . ) is any sequence of real numbers such that 2"|a"| < A then |1 -LTn(l + an)\ < 22"|a"| and |1 -LT"(1 + an)~l\ < 2 £"|a"|. Let [ ] denote the greatest-integer function.
Proof of Theorem l(i). Assume 0 < e <A. Let TV be a positive integer such that 2~_0 t([2n+"'<>]) < e/6. Let C > 0 be such that 2""o2Ar+,""/6C-1 < e/6. Let L0 be a positive integer such that (i) V J > L0, \\Sj\\ > C, (ii) 2"_0 2~'IL0"1 < e/6, and (iii) V / > L0, g(2J) > 2~l/6g(J) and g(2J + 1) > 2"1/6g(^) (see Lemma 1) . For each n = 0, 1, 2, . . . let AT" = [2N+n/6]. Using Lemma 2, let the positive integers 77 and L be such that L > L0 and V /, L < / < 2L, one has (1 -e)g(H) < g(l) < (1 + e)g(H).
Let w be an arbitrary positive integer satisfying m > 2L. We wish to prove (1 -efg(H) < g(m) < (1 + e)2g(77).
For some positive integer M, 2ML < m < 2W+1L. There is a sequence of positive integers J0, /,,..., JM such that m = /w, L < /" < 2L, and for each n = 0, 1, . . . , M -l,Jn+1 = 2Jn oiJn+x = 2J" + 1.
For each n = 0, 1, . . . , M -1, one has \\Sm\\ > 2n/3||S/(0)|| > 2"/3C, and using Lemma 1 and the inequality 115*11 < TCone has g(Jn + l) > s{Jn){2Jn/Jn + x)X/2(\ -r(Kn + 1))1/2(1 -2KJ (2"/3C)) > g(Jn)(l -2-"L01)1/2(l -r(Kn + 1))1/2(1 -2"+'-«/6C-'), g{Jn+d < g(Jn)(l + <Kn + 1))1/2(1 + 27vB/(2«/3C)) < g(Jn)(\ + r(K" + 1))1/2(1 + 2N+l-»/6C-*).
Since e < A we get (1 -e)g(/0) < g(m) < (1 + e)g(J0) and hence (1 -e)2g(H) < g(m) < (1 + e)2g(H), which is what we wanted to prove. Hence Lim inf g(n) and Lim sup g(n) are finite positive numbers, and their ratio can be forced arbitrarily close to 1 if e is chosen sufficiently small. Theorem l(i) follows.
Proof of Theorem l(ii). Let a2 be as in Theorem l(i). Assume 0 < y < 1. There are constants 0 < C, < C2 such that, for all n = 1, 2, 3, ... , C, < g(n) < C2. Let 
